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ExtensionoftheCatalannumber 1３
Proposition２．９．
g沖)＝("＋1)－(A－１）〃＋１ 九("）（A三1,"Ｚｏ）
Prooｆ
g仲g#(Ｍ１鶚ﾄﾙ筈三差三鵲(､-Ｗ(卜D）
(鰄芝T)_("＋1)－(ん－１） Ⅱ〃＋１
3.Parenthesization
ConsiderinthissectiontheproblemofnonassociativebinaryparenthesizationThebinaryparenthesization
isdetenninedoncealltheleftparenthesesaregiven;therightparenthesesareautomaticaUydecidedaccording
totheleftparenthesesfOrbinaryparenthesizationThus,itsufficestodiscusspositionsofleftparenthesesLet
awordconsistof〃＋１１etters，x1x2…ｘ"+,，andejdenotenumberofleftparenthesesposedbetweenxi-landxi
(i＝1,2,…,");hcre,xoisaghostlcttertemporarilyintroduccdtocxplaineI,ande"+lisomittedwithinhibition
ruleofparenthesizingalettersuchas(x"+,)Thebinaryparenthesization,then,requiresatleastthefbllowing
twoconditions：
（１）ｅ,＋e2＋…＋e"＝〃，
（２）ｅ"≦１．
Furthcrmorc,similarlyto(2)e2,e3,,…,e,m-lsatisfyei＋ej+,＋…＋e"≦〃－i＋１(2≦j≦〃－１).Then，
（２）ｅｊ＋ei+,＋…＋e"≦"－i＋１（2≦j≦"）．
Thebinaryparcnthcsizationsarccnumcratcdundcrthcconditionsof(1)and(2)．Thus,ｇ"(")ｃountssuch
parcnthcsizationsLctp("＋1)bcancnumerativcfUnctioncountingthcnonassociativcbinaryparenthesizations
ofastringoflength〃＋1．
Proposition３．１．
ｐ("＋1)＝仰(o)＝の"(1)
＝g腕+,(")＝g〃）
＝ｃ("）． Ⅱ
Fromtheabovediscussiontosolvctheparcnthesizationproblcmitisconcludcdthatgk(")ｏｒの他)is
regardedasanextensionoftheCatalannumber．
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